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ABSTRACT 


Two propositions concerning the comparative behavior of the hazard 
rate functions for warm, ccld, and hot standby systems are expressed 
and then examined, The standby systems under study involve two compo- 
nents with constant failure rates. Emphasis is placed on establishing 
a lower bound on the hazard rate function for a standby system and on 
developing an optimal employment policy for the use of components in a 
standby systen, 

A proof is offered to show that the hazard rate function for a cold 
standby system is a lower bound on the hazard rate function of either a 
warm or hot standby system, Evidence is then given to support the ex- 
istence of an optimal employment policy for components in a standby 


system, but a complete proof is not presented, 
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I. INTRODUCTION 


Standby systems, involving one functioning component backed up by 
one spare component, have been studied by many theoreticians, For the 
standby system, the survivability of the system depends on either one 
or the other of the two components operating effectively. 

If the spare component suffers no deterioration and is not activé 
until the working component fails, the spare component is considered to 
be in the cold standby mode, If both components are subject to eaual 
usage and deterioration, tnen the “spare” component is said to be in 
the hot standby mode, However, it is more plausible that a spare con- 
ponent should be in neither the hot nor cold standby mode, but rather 
in what is considered the warm standby mode, In this mode, the spare 
component does not suffer wearout by operation as in the hot standby 
mode, but rather it suffers from a similar environment of heat, vibra- 
tion, etc. This mode is intuitively more appealing as even a spare on 
a shelf will deteriorate to some degree, 

Two components in a standby system, where the components have ex- 
ponential survival distributions, have been previously studied in depth 
for the cases of either hot or cold standby modes, These two cases are, 
however, special cases of the warm standby mode, At present, the warm 
standby system has not been looked at in as much detail. Scroggins 
(Ref. 1) graphed the hazard rate function for the warm standby system. 
These graphs led to some interesting conjectures, 

The concern in this thesis is to further explore two of these 


conjectures, The first deals with establishing a lower bound for the 





hazard rate function of a warm standby system, It is obvious that the 
survival function of the cold standby system is a lower bound for the 
survival function of the warm standby system, It is not, however, so 
obvious that the hazard rate function of the cold standby system is a 
lower bound for the hazard rate function of the warm standby systen, 

The second conjecture of interest is about a question of greater appli- 
cability. That is, given two components with known failure rates, how 
should they be employed in the system? Stated another way, is there a 
component deployment policy which if followed would stochastically 
maximize the system life? Investigation of this conjecture, although not 


complete, suggests that such an optimum policy does exist. 





IIT, THE HAZARD RATE FUNCTION 


A, THE SURVIVAL FUNCTION 
The survival function is defined as F(t) = P(T>t), t > 0; where | 
T>0 is the random time to failure of the system. In words this says, 
F(t) is the probability that the system lives longer than time t. 
The warm standby system with constant failure rate components in 


the system is illustrated in Figure 2.1. 
Component one 


Component two 





FIGURE 2,1, LIFE DISTRIBUTION OF T 

Component one operates until failure occurs, at which time component 
two takes over if it is still capable of functioning properly. Com- 
ponent one has failure rate dy: Component two has failure rate BA5s 
where 0 < 6 <1, until component one fails and is replaced by compo- 
nent two, After it is activated, component two operates with failure 
rate Ao: | | 

This is the general form for the warm standby case as the spare 
does suffer some deterioration with time, but it is not fully affected 
until it is placed on-line in the system, If 6 = 0, the system is a 
cold standby system, If 6 = 1, the system is a hot standby systen, 


The warm standby system's survival function is 


“A,t <-\d 


F(t )ne ait teats -(A,-(1-6 )A,)s 


Soe ds,t>0 . 





From this equation it can be shown that for 0 <6 <1, 


| ~\it “Ant  =--(A4t+0A,)t - 
(A, -(1-8)r.)e : +h,¢ ee 


(2.1) F(t) = : "+20, A, A(1-8)A, « 


dy -(1-8)A, 
There is a special form of F(t) for the case when A, = (1-9 )A., 
but this will not be needed in this thesis, The survival function is 
continuous in 6, Aye and hos and no generality is lost by dismissing 


this special case, 


B. THE HAZARD RATE FUNCTION 

The hazard rate function is defined in terms of the survival func- 
tion and its derivative, The hazard rate function is r(t) = f(t)/F(t), 
where f(t) = -dF(t)/dt, Again, ignoring the special case, for all 


O< 6< 1 this yields 


—— ~A,t “ot -(X +A, )t 
rA4 (A, —-(1-6 JA, Je +148 —A, (A,+8A,, Je 
(2.2) f(t) = 1\"1 2 12 See 22 » tees 
4, -(1-6 )ro 
which gives 
“ht ~rA. 56 -(A.+0A,, )t 
1 2 ie 2 
A, (A, -(1-8 rade thyhoe “A, (A, +02, )e | 430, 


(2.3) x(t) = 42 ee 
“At Apt = A TOA, t 


i 
(A,-(1-6 ane th,e “A, e 


C. NORMALIZATION OF THE HAZARD RATE FUNCTION 

For ease in working with the hazard rate function, it is advanta~ 
1 + ho =1, The scale for time to failure can 
be chosen so that no generality is lost by this assumption. 


geous to assume that A 


The hazard rate will be assumed to be in normalized form 


QO, +, = 1) for the remainder of this thesis. The hazard rate 








function presented here is derived, and the details of the normalization 


are discussed in greater detail, in Scroggins (Ref, 1). 








ITI, LOWER BOUND ON THE HAZARD RATE OF THE STANDBY SYSTEM 


A. PROPOSITION OF THE EXISTENCE OF A LOWER BOUND 

Scroggins (Ref. 1) advanced the conjecture, exemplified by Figures 
3.1 and 3.2, that for any given components, the hazard rate for 6 = 0 
is less than or equal to the hazard rate for 0 <98<1. This indicates 
cee the cold standby system's hazard rate is a lower bound on the 
hazard rate of either the warm standby system or the hot standby systen, 
Such a conclusion would agree with intuition, as a cold standby spare 
component suffers no deterioration until it is placed on-line in the 
systen, 

The above conjecture can be formalized by the following proposition, 


where r (t) denotes the hazard rate of the warm standby system in which 


6=0, 
Given two components, with normalized constant failure 
rates Ay and An, then 
ro(t) <xr,(t), 
for all 0<8<1 and t>0, 
B, PROOF 


As before, the continuity of the hazard rate allows the special case 
where hy = (1- O)r, to be ignored. For the general case, where 
Ay # (1 - O)ros the hazard rate function from Equation 2.3 is 


“A, + “At -(A,+0A,, )t 
rae a 2 Bae 
ra(t) = A (Ay-(1-O)An)e ~ tAyAge * A, (A, t0A,)e 
yt ot -(X, +9, )t 
(A) -(1-9 JA, Je 1 tA,e é “Aye te 
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Normalized Hazard Rate, r(t) 
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FIGURE 3.1. dy = .3, VARYING 6 
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Normalized Hazard Rate, r(t) 
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Normalized Time, t 
_ FIGURE 3.2. Ay = .7, VARYING @ 
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When 8 = 0, the hazard rate function becomes 
At “r,t “At 


| eon) 2) ae oe Tage 
| 4, Q,-A,Q)e th hoe “hie 
r,(t) = “r,t “At “r,t 
0 a Z 1 
(A,-A,)e tie “je 
which can be rewritten 
“r,t r,t 
Ayphge ~ -Ayhoe > 
r,(t) = ———— 
0 “Ant “A, t 
Ae —\45e 
nt 2 


To prove r(t) < ry(t), it is sufficient to show that | 
rp (t) - r(t) > 0, for allO <9 <1, t>0, anddA, +4, = 1. Sub- 
stituting in the expressions for the hazard rate functions, the 


inequality to be proved becomes 


“yt “Ant -(A, +0, )t 
d, (4, -(1-6 ane ~ tryA5€ “A, (A, +0, )e 
“hj t “ho -(X, +0A,)t ———* 


(A, -(1-8 Jr, )e +he ac 


uM a 
“A, t “hot 
rA,A,€ -vA,rA5€ 
Yee Se 
“A 5t At —- 
Ae & “A 5 - 
1 Z 
Ajt 
Ae 
Mebeapiying by 1 gives 
| d,t 
AyAce 
X -(A,-A, Jt A -0r,,t 
a Z 
(x5 -(1-6) )+e : “(x5 +6 Je 


Wr aa ee 
(1-(1-8) #)te * Me * 
1 
-(A5-A, )t 
8 Bes > 0 
“—Q,r%,)t 4,7 ° 
cena oe 
. ~ AT 


1 





Rearranging terms, this becomes 


-(A,-A, )t -0A,,t -0,,t 
(eo * Mayet (le. *)+a(l-e *) 
=(AX-A, Jt a d Oi. t 

(e oe - x£) + (1+ xe 0-e 


-(Ap-A, )t 
l-e 0 
-(r aAy 2 ho = ° 
(e 7 xy) 


1V 


=~ 


Demonstrating this inequality as true is equivalent to showing that 
-(An-A,)t A ~(An-A, )t rN -h,¢ -OA ¢ 
ili Z Zi Sah dL Z 
(i,1 ) e = rl (e -1)+ ko (l-e 2 Nee (l-e \ | 


£ (eo M2 Y 2 yee 32 one Mee Oe) 


-Q5- dy )t do ho -0A,¢ -(An-A, Jt A -1 
x te ~ S)+(1+ xe 0-< 2 ) |(e ee 2) 


is non-negative, Simplifying the numerator yields 


=(A,-A ye ee “OA, ¢ -6),, 
oe 2 be Poe?) 


+ (1+ 72 ah tet * ) 


A, )t ho do -0X ~(A,-A,)t Xr -l 
ge? - 2 )+(14 x2 0-2 cer = 2) | : 


At this time it becomes beneficial to break the proof up into two 


sub-cases: Case I in which A, > and Case II in which ho > Ay: 


Zo 
Considering Case I, Ay 7 dos the previous expression is of the forn 


OSs OS Jus OS a OSs ne > 0 
pos) + (pos pos ) a 


when only the sign of the bracketed quantities is considered. Thus to 
prove the hypothesis that rp (t) = rp(t) > 0 ford, >A,, all that has 
to be shown is that the numerator is positive, as the denominator is 


always positive. 
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Proving the numerator, 


-(A5-A, )t “OA,t A, -(An-A, )t ho -0A,,¢ 
eT" ~ 8) (re 7) (4 8) + (1-2 ) (+ x e-e *), 


is positive is equivalent to showing that the inequality, 


—PA.t _ -(An-A,)t A jee nik 
(Ie *){(e 7 7 )( gt 0-2) 41- F (  18)1 
“(A57A 
+ 2 6(1l-e me *, > 0, 


holds. Multiplying by F and then rearranging terms gives 
4s 


=(A5-A, )t_ A d -9r,,t -OA,t 
eo © TL xe ( 4021) (1-e | a Se 


This can be multiplied through by sone to yield 
poet 2 ov 6-1) es -o]+0@ >0. 

This inequality becomes 

eA )t. Ay “(Any “BA, )t 


Ay “Ort 
L. t ( iD +0-1) (l-e )] +0(1-e )>0 


when it is rearranged, and this in turn yields 


h, A -OAt ~(A. -A,,F0A., )t 
ie L Z J ere 
BGs t2-1)(l-e ~ )} +0(c -1)>0 
| (A,-A, “OA, )t 
when multiplied by e ° 


Denote the left hand side of the inequality by g(t). This function 
of t is equal to zero when it is evaluated for t= 0. If the deriv- 
ative of g(t) can be shown to be greater than or equal to zero for all 
t+ 2 0, then it follows that the function g(t) is itself always non- 
negative. 

The derivative of g(t), which is to be proved non-negative, is 
oN -(A, ~A,+0A,, )t 


Ay “OA t 
0A, ( Ko t0-1)(e ) -8(A, -A,+0A,, )e : 
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Proving the derivative is non-negative is equivalent to showing that 


d Ort (A. AotOh,)t 
OTE (AHAp-ApJe ~ >DO(Ay-aApternJe ~ ~ * 


which simplifies to dA -(A,-A,)t 
il ee 
m2 
GA Qt 
when both sides are multiplied by —_eé 


O(A,-ABFOA,) 


It is immediate, as Ay >h, by assumption in Case I, that the 


2 


above inequality holds, Therefore, for all cases where Ay > hos 
Ly (t) is greater than or equal to ro(t). 
If Case II, A, <A,, can now be shown, the proof of ro(t) < ry (t) 


will be complete for all A, and A,. From Expression 3.1, it is es- 


it 2 
tablished that it is necessary to prove 
~(A,-A,)t A -(A,-A, )t d -0A,¢ -6r,¢ 
Ze 1 a 2 al a re rs 
Q - rp fe -1) + ko (l-e ) +6 (l-e )] 
-(A,-A, )t dA d -0A,t -(A,-A, )t 
rs oaM al 2 2 2 ey 
+ | (e - cp + (1+ xy Oe WiGi-e ) 
-(A,-A,)t A » -8A ,t -(A,-A, )t A -l 
Jimaaaa ‘a 2 2 Zk 2 
xX Li = ty) aur (1+ XL Q-e ) ] (e = 2) Ee te 
“Aga, )t dy 
Multiplying both sides of the inequality by (e ~ Ty) 
which is negative for Ay < hos the inequality becomes 
-(An-A, )t A » ~Oi,t IN -OAt -(A,-A, )t 
2° 1 a 1 Z 2 Zz Aaa 
(e - 7)( xp 40) (1-e poles eae ie )(1-e ) os 
ho “(Ap-A, )t do “Orn a 
L(- x¥ +e ar (CES ta Oe )] 
Rearranging terms yields 
-Ar,t d -(A,A,)t A -(A,-A,)t -0 
2 im Ant 
(le “ )(qpt+e-t)e 2 Yo - 2a, (2 V2 : 
aa, “OXgt —(Ap-A,)é Az Si 
(l-e )te - 7 (1-9) 
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(A5-A, )t 
which can be multiplied by e Lo get 
athe )t 


Ort Bom ( 1-0 ) + 
2°) ( , Le ; 


X 
(1-e Be )A,-Ap(1-8))- XE e(1-e 


(An a (1-0))E SO ot Sac 
(lee + * ya (e * * )C S)Q-AQ(2-9)) 


Remember that A, <A, in this case. Now, if A, - AQ(1 - 0)> 0, 


ali 
the form of the equation with regard to sign becomes [ (pos) - (pos) ]/ 
[(pos) + (pos)]<0. Thisimplies the numerator has to be negative when 


A, - Ao (1 - 0) > 0, On the other hand, if 4 - Ao (1 - 6) <0, the forn 


HE 
of the equation with regard to sign becomes | (neg) - (neg) ]|/ 

[(neg) + (neg)] < 0. When M7 Ao (1 -6) <0, the numerator has to be 
positive, 


Denote the numerator by g(t). This function is 


“Zz 1 -(A, A, (1-8) )t 


Ar 
(1-e $s )(Ay-Ap(1-0))- ¢¥ a(2-e 


Once again, since g(t) evaluated at t = 0 is zero, it is sufficient to 
show that the derivative of g(t) is always positive in order to prove the 
numerator is positive. Likewise, if the derivative of g(t) is always 


negative for certain values of A, and id,, itimplies that the numerator is 


i Ze 
negative, 
The derivative of g(t) is 
-64t 
Ze: d ~(A, -A,(1-6) )t 
age ORE ap (1-8)) - xe ea -ap(1-8))e 2 ? 


which can be written as 


_ AZt AS -(A,-A,(1-9))t 
a(A,-A,(1-8)) Le - Se a ile 


In this form it can be seen that if A, -A,(1 - @)<0, then the deriv- 


1 
ative of g(t) is positive, whichimplies that the numerator is positive. 
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ieA5) Ao (1 - 6)>0, then the derivative of g(t) is negative, which 
implies that the numerator is negative. Therefore, for 4, <A,; 
Ly (t) is greater than or equal to Y(t). 

For the special case where A, =A,, rp(t) < ry (t) is proved in 
Scroggins (Ref, 1). Thus, the proposition that the cold standby system 
hazard rate is a lower bound on the hazard rates for the hot and warm 
standby systems holds, as it has been shown that L(t) = 2908) for all 


fo0; 701% 6 <1, and A, +A, = 1. 


a 
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IV. AN OPTIMAL POLICY FOR THR USE OF COMPONENTS 
IN A STANDBY SYSTarl 
A. PROPOSITION OF AN OPTIMAL COMPONENT EMPLOYMENT POLICY 

Another conjecture advanced by Scroggins (Ref, 1) deals with the 
interchangeability of components, It is believed that the hazard rate 
of a system which uses the component with the larger failure rate as 
the primary component is always less than or equal to the hazard rate 
of the system in which the more reliable component is used first. This 
implies that by using the component with the larger failure rate as the 
primary component, and the other component as a spare, that the best 
overall system reliability can be achieved. 

Figures 4,1 and 4,2 from Scroggins (Ref. 1) give examples of what 
is expected of warm standby systems in general. In the case of a hot 
standby system (9 = 1) or a cold standby system (9 = 0) it is immater- 
ial as to which component is the primary component in the system and 
which component is the spare, as the hazard rates are equal for both 
possible employments of the components. This in turn implies the sur- 
vival functions ee for both the hot and cold standby systems no 
matter how the spare and primary comporfents are employed. This fact 
can te readily checked by substituting either 0 or 1 in for 9 in the 
hazard rate function in Equation 2.3 for any values of Ay and Nos and 
then comparing this equation to the same equation after reversing the 
values Ay and doe 


The above conjecture can be formalized by the following proposition, 


where ry (t) denotes the hazard rate of the warm standby system 
Lita 


19 





Normalized Hazard Rate, r(t) 


FIGURE 4,1. 


10 14S 
Normalized Time, t 


WARM STANDBY, 8 = .25 
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Normalized Hazard Rate, r(t) 


FIGURE 4,2, 
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WARM STANDBY, @ = .75 
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in which hy is the failure rate of the primary component and Ao is the 
failure rate of the spare component, 
Given two components, with normalized constant failure 


rates hy and A}, such that hy >A , then 


2 2 


5, (t)<m . (t) 
Ayko Agr" * 
where t > 0 and 0 <6 <1, 


B, SUPPORTING EVIDENCE FOR THE PROPOSITION 

In this section the previous proposition is not proved. Evidence 
is presented that makes it appear plausible that the proposition 4s 
true, but further research is needed to prove it, 


Using the definition of the hazard rate, r (t) =f Gay 
Ay: do Ay: ho 


Fy Be (t), the proposition in this section can be rewritten as 
it Z 


sf (t) f (t) 
ho hy Thy hy — 


Fr. Ge) Fr. (ce a 
Meh, ene 


2 
if Ay > how Because -survival functions are always non-negative, this 


can be further transcribed to become 
f (t)F. (t) - f Cams G@) m0: 
Mae Ape Ay de Ayr hor % dg shy 


With the appropriate substitutions using Equations 2,1 and 2,2 the 
above inequality assumes the form 
UE DY TUTE f= Os 
1 2 2 a 


where t2 0, A, > AQ, and O< @< 1. Q(6), the numerator of the term 


on the left, has to be negative if (1 - 6) h, 7 Ay and positive if 


res 
(1-8) A, <A, for the above inequality to hold. This leads to the 
conclusion that as a function of 6, Q(6) is negative from 0 to A Ad : 
X 

: 
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i179 to1, Pigure 4,3 indicates a 


dy. 
postulated shape for the function Q(@) that would verify the proposition, 


Q(8 ) 


and then becomes positive from 


Q(6) 





FIGURE 4.3. CONJECTURED SHAPE OF Q(@) 
Q(@) can be written as 


| “hot -A,t ~(Apt0A, )t 
rg(ig-Q-2)Ay th Aze “Ap (A5+0A, Je | 


e -r,e 


| -A,t 
x [(a,-(1-9)a,)e 1 7 


“Ant eae 
1 
7 -r,t -r,t -(A,+0A,, )t 
1 2 re 2 
- { a, (4,-(2-8)A, Je th jA5e “A, (A, #0A, )e ] 


; -,t “A, t ~(A,+0A, )t 
x L(A,-(1-8 )a, Je 2 +e - “Ae a4 1 


This simplifies to 


=t 
e [Qp-4) L(aA,-(1-0 JA, )(A,-G.-6 ro )-A ADI] 


-(1+6 )t -(1+A,8 )t 
2G LAjAp (A, )(1-0)] te [a.(A,-(1-9 A) (A, (1-8 )-A,) J 


-(141,.8 )t 
e DAY Qp-(2-9)A, (A, -(1-9 5) 


(2, +0A,)t 


+ e [ rae] -e 


-(2A,+0 


At 0] , 


Ayo yields zero in all 


s 


Evaluating Q(9) for 9 = 0, 6 =1, and @ = 


cases, This is the first evidence that the postulated shape for the 


function Q(@) may be correct, 
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Now turning to the derivative of Q(@), it is seen that 


-t 
ag(@) _ [Ap-A, 0A, (Ay -(2-9 Ay) #Ag(AQ-(2-8 A, I 


ae 

~(1+0 )t 

+e [ A yAo(Ay Ap) (14+4(1-0)) J 
-(14), 0 )t 

+e LG 1 (1-8), )L remy ot(A,-(1-8 )r5)] “Ayho (Ay -(1-0 Mao) 
-(144,0)t 

+e ‘ee [(A,-Ap (2-8) LAF -AASE(AG-(1-8)A,)] #hA5(A5-(1-8 a, )J 

+ a ee 2), bos “Ay A35 349 J 


-(2,,t0d, )t 
2 Ag 
+e ee athoh 3t6 J : 


Evaluated at 8 = 0, the derivative becomes 


e er. 1745) L- ~(A,-25)* +) pho (1+t)+a5 #hy 2 on piel 
~2r,+ et 
Iie 2” - 
+ e Lajas J ae ee) ’ 
which equals 
-t “2, t 
e La rap (itt)] te 7+ Laas] “Cnag] 


If the proposition under investigation in this section is correct, the 
derivative of Q(@) evaluated at @ = 0 is less than or equal to zero. 


This is equivalent to the inequality 


-t “At. np =PAgt 
e LAgdy(tyapatt)} te > Laasl-e * Laa,J]<o. 
Dividing through by Agdnen™ and rearranging gives 


-(Ag-A, )t -(Ay-Ap)t 


A, (1tt-e )-a,(1tt-e 7+ * )<o, 
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Denote the left side of the above inequality by h(t). For any 
h(t), 1£ h(O) = O and dh(t)/dt < 0, then h(t) < 0. This is the same 
argument used in the proof in the previous section, 


h(t) does, in fact, equal zero for t = 0, The derivative of h(t) is 


-(A5-A, )t ~(A,-,)t 
7 bat ki eZ 


This can in turn be denoted g(t). g(t) also equals zero for t = 0. 


The derivative of g(t) is 


ew: 


~(A,-A,,)t 
#904 Le 


Ib 


Proving the derivative of g(t) is less than or equal to zero is equiv- 


(yg) L Ay Ag-”Ay p42) 
alent to the inequality 
“(Aj-An)t  =(AaeA. )t 
de ( er Zz Foal 
(A,-A5) L Ape “A,e eer ey 

Since hy 7 dos it is immediate that the inequality does hold. This 
implies that g(t) is negative, which implies that h(t) is negative, 
which in turn implies that the derivative of Q(6) is negative for 6 = 0, 


Evaluated at 6 = 1, the derivative of Q(6) is 


+ a -2t_ 
e LQa-Ay AyHg) te [| AyrolAy Ao) J 


-(14A, ) 


<a “is * Ta p(a2 “Mat Ao] 


-(1+A,)t _ 
oo “eae 
~(2.+h,)t yt. 
ec 3 thy 
: [ Agap-AyAat tl< [ATA gHAGAot] 
Once again the derivative of Q(6) is thought to be negative for 6 =l. 


If this is true, then the inequality, 
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-t =-2t 
ote? 42 
e  [-atarzaasena,] te. [rr o-AQAS | 


-(14A, )t 


ie cee me oe 
fee [a aS-agast-a2n nr et-A A] 
-(14\,, )t 
2a 3_,22 é 
Pac [ar th2n teas -aSnsteasas] < 0, 


mist hold, Multiplying both sides of the inequality by e” gives 


t 
e542 Po 
[aPerza cnr] te Laag-aa5] 

A ea ee ero 

eek e eo a2 a2 
ee (ret SG Slewo 
mete le 1 ee 

Again denote the left hand side of this inequality by h(t). As before, 

h(t) equals zero for t = 0, The derivative of h(t) is negative if 


“A, t 


Z 
2 -23. 3.2, .3 1 
[ AgASMAGA ole +L rAZt-rrnstHrr7n, | 


-\ .t 
SORE 3 2 
+L acnze-acast-ajag] e < 0. 


Dividing by We gives 
| . ee ae 
me .2 ep 2, ‘1 
(57a, +L AgAStAAottaS J eel Aghst-nrot-A5 I 2 ao 


Denoting the left side of this inequality by g(t), it is possible to 


show that g(t) equals zero for t = 0. The derivative of g(t) is 
At At 
2 3 2 Zz in Z 
eo [aagtarstnas] +e? [artnateaa] . 
Factoring out the term Ayhos the derivative can be written in the form 
fe) Ld Kat aa t Carel eo) ] 


Which is always negative for all t > 0, as A, > Ap. 
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The derivative of g(t) being negative, plus the fact that g(t) is 
zero when t = 0, implies that the derivative of h(t) is also negative. 
When the fact that h(t) is also zero when t = 0 is added to this infor- 
mation, it is proved that the derivative of Q(6) is negative when 6 = 1, 

In the preceeding paragraphs about the derivative of Q(9), the term 
negative means non-positive rather than strictly negative. It is 
obvious that as a function of 0, the derivative of Q(@) is zero for all 
0<6<1 if t is allowed to equal zero, If the special case where 
t = 0 is overlooked, then the derivatives of Q(6) for 6 = 0 and 0=1 
are strictly negative, 

The information known to be true about the function Q(@) is dis- 


played in Figure 4,4, 
Q(8) 
A 








known 
_ .. _nypothesized 


> 0 





FIGURE 4.4. KNOWN FACTS ABOUT Q(6@) 


The function's value has been proven to be zero for 9 = 0, 9 =1, and 

ee 
2 
x G 


1 
=1. This information gives a strong indication that the postulated 


6 = 





Furthermore, the derivative is known to be negative at 8 = 0 
and 6 
figure sketched in Figure 4.3 is true, which would imply that the pro- 
position in this section is also true, 


An attempt has been made to show that Q(0) is negative for 
ey, Ses, 
x ; and then positive for values of 6 such that 


i Ay 





0<0< <@<1, 


Another attempt was made to prove that the second derivative of Q(0) 


a 
with respect to 0 is positive foro <e< 1 ‘2 and negative for 


i 
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ete 2 <@<1, If either of these conjectures about the function of 


a 


a 
Q(6) could be proved, they would imply that the proposition in this 
section is true for allt >OandO<0@<1l. Further study in this 


area is needed. 
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